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This article is a transcription of some handwritten notes of an informal report 
given by Leon R. McCulloh in Oberwolfach in February 2002. 

Abstract 

Let G be a finite group of order n and exponent e. Corresponding to a tame 
Galois extension L/K of number fields with an isomorphism Gdl{L/K) = G, 
one has associated the Galois module class CIo k g(@l) (resp., the Steinitz class 
G\o k {Ol)) in the class group C\{OkG) (resp., G\(Ok))- For fixed number 
field K, the set of Galois module (resp., Steinitz) classes realized in C\{OkG) 



\ (resp., C\(Ok)) as L/K ranges over all tame Galois extensions with isomor- 

phism GsX{L/K) = G is denoted by R(O k G) (resp., R t (0 K ,G)). We show 
Theorem a) 

Rt(0 K ,G)cH H N(K(s)/K)^ 

_I m\e s€G 

f^-h \s\=m 

unless the Sylow 2-subgroups of G are nontrivially cyclic, in which case 
b) 

Rt{0 K ,Gf^\\ n N(K(s)/K)^ m -V 

> 

where N{K(s)/K) = N k{s)/k (C\{O k{s) )) C CI(O k ). Further explaining, G 
\^ ■ is the set of conjugacy classes of G endowed with a "cyclotomic" action of 

O (= Gal(K°/K)) via k : Q -> Ga\{K {Q / K) <-> (Z/eZ) x - explicitly, for 
' s £ G and corresponding s € G and u; € s w = s K ' and s w = where 

g = ^«(a))_ Finally; = (_gf c ) n », where fi^ is the fi-stabilizer of s. 

The result is obtained from a known inclusion of R{OkG) via resf : 
CI(OjcG) -»• G\{O k ). 

X: 

Let G be a finite group, if C C an algebraic number field and Q = Qk = 
GaA(K c / K) , where K c C C is the algebraic closure of K. 

Definition, ff w : O — > Aut G is a homomorphism, we denote by G w the fi-group 
G with fi-action given by = s w ^ for s G G fi. 

Let i?c be the virtual character ring of G. Then Q acts on Rq naturally by 
X w (s) = x (sT ioTseG,uen, 
where \ is an absolutely irreducible character of G. Let QRg = Q ®z Rg- 
Definition. We define a Q-pairing ( , ) : QRq x QG — > Q as follows. 
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a) If x is a character of degree 1 and s G G, then (x, s) is the rational number 
defined by x( s ) — e 2m(x ' s \ where < (%, s) < 1. 

(Note: If G is abelian, then a) defines ( , ) : QR G x QG ->■ Q by Q-bilinear 
extension.) 

b) If x is an Y character of G, then (x, s) is defined by 

( X ,s) = (resf s) x,s). 
(Note: Q-bilinearity extends this to the required pairing.) 
Definition. We define the Stickelberger map Q G : QRg QG by 

©g(x) = ^(x,s)s for x £ QRg- 

seG 

Definition. The Stickelberger module S G Q ZG is given by 

S G = & g (Rg) n ZG. 

Definition. If % is a character of G, then det x is a character of G of degree 1 (or a 
character of G ab ), where 

(det X )(s) = det(T x (s)), 

where T x : G — >■ GL(C) is any matrix representation affording x- This extends to a 
Z-homomorphism 

det : R G -» G ab (the character group of G ab ). 
We let A G = ker(det), so we have the exact sequence 

— >■ Aq — >■ Rq ^ G* — >■ 1. 

Proposition 1. If x ^ Rg, then G (x) e on ^/ e As- particular 

Q G (A G ) = S G . 

Proof. Let x e Then 9 G (x) = E seG (x,s)s e Z C if and onl y if (x> s ) = 

(res^x, s) G Z for all seG. For all s G G the representation res^x has a decompo- 
sition in representations of dimension 1, which correspond to characters if) s ,i, • • • , '/'s.n, 
where n is a positive integer. Hence 

n n 

(det X )(a) = (detresf s) x)( S ) = fllM*) = ]Je 2 ^^ 

3=1 3=1 

Therefore (res^x, s) G Z for all s G G if and only if x G ker(det) = A G . □ 

Proposition 2. Lei p G &e the character of the regular representation of G. Let 
s G G, where s has order m (\s\ = m) and #G = n. Then 

n m — 1 

Pg,s = 7T- ■ 

m 2 
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Proof. We compute 

(PG, s) = (res {s) p G , s) = ([G : (s))p {s) , s) = — (p {s) ,s). 



m 



Now, the characters of (s) are {(fp : j = 0, . . . , m — 1} where <^(s) = e 2,n ™, and 



m-l m-l ■ 1 // i\ \ -i 

/ \ \ -* , , ,• v \ -n J 1 ( [m— l)m \ m-l 

3=0 3=0 v 7 

Hence (p G) s> = ^. □ 
Corollary 2.1. Let e 6e i/ie exponent of G. 

n x -v e m — 1 x x - n m — 1 x 

m\e sGG m|e sSG 

s|=m |s|=m 

Proof. Clear. □ 

Proposition 3. pc € (= ker(det)) unless n = j^-G is even and the Sylow 2- 
subgroups of G are cyclic (and conversely). 

Proof. The regular representation of G is given by permutation matrices correspond- 
ing to the left regular permutation representation of G on G. Their determinants 
are +1 or —1 according as the corresponding permutations are even or odd. So 



(det pg){s) 



+1 if multiplication by s is an even permutation of G 
— 1 if multiplication by s is an odd permutation of G. 



If s has order m, then the permutation of G given by multiplication by s decomposes 
into — = [G : (s)] cycles of length m — \s\. So for s to give an odd permutation, m 
must be even and — odd. This happens only if n is even and (s) contains a Sylow 
2-subgroup of G, that is the Sylow 2-subgroups of G are cyclic. (Conversely if (s) is 
the Sylow 2-subgroup of G, s ^ 1, then s gives an odd permutation of G). □ 

Note : In any case 2p G G A G . 

Corollary 3.1. 0g(Pg) 6 Z[G] unless G has even order and the 2-Sylow subgroups 
are cyclic (and conversely). 

Proof. Clear from Proposition [TJ □ 



Alternate proof. By Corollary 12 .![ Qg(pg) £ Z[G] unless G has an element s of order 
m, with — (m — 1) odd. That is m = \s\ is even and — = [G : (s)] is odd. As before, 
this happens if and only if n = j^-G is even and the Sylow 2-subgroups of G are 
cylic. □ 

Note : As before, Qg(^Pg) £ 1>[G] in all cases. 

Definition. Let e be the exponent of G and p e the group of e th roots of 1. Let 
K : fix (Z/eZ) x be the homomorphism defined via the cyclotomic character 

n K -» Gal(i<:O e )/if) (Z/eZ) x . 

That is, if Ce/^e, C" = C H - 



3 



For each r G Z we can define an "action" of on G by permutations by 

s w = for each s G G, u G SI. 

Then (by abuse of notation) we denote by G K r the Q-set G with the action given by 
n r : n -> (Z/eZ) x ->■ Perm(G). Then ZG K r is an fi-module. 

Proposition 4. If x € R-g an d seG, then 

(x uj ,s) = (x,s k{uj) ). 

It follows that Qg '■ QRg — > QP K -i is an Vt-homomorphism. That is, @g(x w ) — 
e G (xT (to ett acting on G via k' 1 ). (Note: re -1 (a;) = k{u)- 1 in (Z/eZ) x ). 

Proof. If x is of degree 1, then x(s) G fi e (if s G G). So % w (s) = (x( s ))^ — x( s ) K ^ = 
x(s kH ), so 

Hence by Q-bilinearity, (x w , s) = (x, s k(w) ) for all x G QRg, seG. Thus if x e Qifc, 

seG seG seG 

if ©g(x) is regarded as an element of QG K -i. □ 

Note that (x, s) depends only on the conjugacy class of s G G so Q G (R G ) C c(QG) 
(the center of QG, with basis the conjugacy class sums of G). Let G be the set of 
G-conjugacy classes of G. The action of Q by k~ 1 preserves conjugacy classes of 
G, so it gives actions on c(ZG) and ZG, the free Z-module on G. We denote these 
fi^-modules by c(ZG (e -i) and ZG K -i, respectively. 

Definition. Let s be the conjugacy class of s G G. Let 

t : ZG ->■ c(ZG) 

be the map defined by t(s) = Xltes^ f° r an s £ G. Clearly t commutes with the 
action of Q by /t" 1 so it is an fi- module isomorphism 

ZG^ciZG). 

Also, define ( , ) : Qi? G x QG ^ Q by (x, s) = (x, s) for s G G, x G ^G and 

©g : Q^g -> QG 

by @g(x) = EseG(x,s)s. 

Clearly tO^ = Q G , and if x G i?G, 

%(x) eZG<^ x eA G . 
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Definition. Let A be the maximal C^-order of the commutative i-T-algebra 

KA:=Map n (G K -i,K c ). 

Then A = Map Q (G K -i, O c ) and we have the adele ring A(KA) and idele group J(KA) 
(where A(K) is the adele ring of K) given as 

A(KA) = Ma-p n (G K -i,A(K c )) (A(K C ) = K c ® K A(K)) 
JJ(XA) = Hom n (ZG K -i,J(^ c )) {J(K C )= A{K C ) X ). 

Also 

{KAY = Hom c (ZGU,(K c ) x ) 
A x = Eom n (ZG K -i,(OT)- 

The integral adeles of A are 

A(A) = Ma Pn (GU,A(O c )) 
where A(O c ) = O c ® 0k A(O k ), A(O k ) = U v o{K Kv and the unit ideles of A are 
U(A) = A(A) X = Hom n (ZG K -i,U(0 c )) (U(C C ) = A(C C ) X ). 
Now the map Q G : A G — >■ ZG K -i induces a homomorphism 

9^ : Honu,(ZG K -i, I(K C )) -> Rom n (A G J(K c )). (5) 
Definition. Let Jf(A(K)G) := Eom n (A G J(K c )) (and Jt?(KG) := Hom^(A G , K cX )). 
Then the above map is 

0^ : J(XA) -> J4?(A(K)G). (5') 

Now recall the map 

Det : K C G X -> Hom(iJ G ,F x ) 

given by Det (a) : x ^ det(T x (a)), where T x : G ->■ GL/(fT c ) affords (T x 
extends by linearity to a ring homomorphism T x : K C G — >■ Mf(K c ) and then to 

T^^^x^GL^).) 

Notice that Det is an f2-homomorphism. 

Proposition 6. TTiere a commutative Q-diagram (that is, all maps preserve the 
action offl) with exact rows: 

1 - G K C G X - (K C G) x /G - 1 



Det 



Det 



Det 



G ab _ Hom(i? G , K cX ) Hom(A G , K cX ; 



(Note that (K C G) X /G is not a group, but a pointed set.) 
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Proof. We identify here G ab with Hom(G ab , K cX ). Since K cX is injective, the bottom 
row is exact, arising from the exact sequence — > A G — >■ R G G ab — > 1. If s G G, 
Det(s)(x) = det(x)(s), so Det restricted to G has image Hom(G ab , i^ cX ). Hence Det 
induces a map 

Det : (K C G) X Hom(A G ,ir cX ) 



making the diagram commute. 

Proposition 7. VFe /lave the commutative diagram 

1 -G >■ KG X *~{{K C G) X /G) a - 



□ 



G 



Dot 
ab 



Hom(ft, G)/G 



Det 



Det 



Hom n (i? G ,K' 



:X\ ra S 



ab \ 



Hom n (A G , K cX ) Hom(n, G 

wift exact rows (where G acts on Hom(f2, G) on the right by inner automorphisms: 
h- s = s -1 /is, s e G,h G Hom(fi, G)). 

Proof. This follows from Proposition E]by applying f2-cohomology (in the non-abelian 
sense for the top row). More precisely, exactness means that if ((K C G) X /G) n = 
J^(KG) /G, then (KG) x \J?(KG) /G is in one-one correspondence with Hom(fi, G) /G. 

□ 

Now, similarly, if v is a prime of K, and Q v = GaX(K^/K v ), we have 
Proposition 7'. The following diagram with exact rows commutes: 

1 G K V G X {{K C V GY/G) n * Hom(n„, G)/G 



G 



Det 
ab 



Det 



Det 



Rom nv (RG,KZ 



x\ ra S 



Hom nv (A G ,K c v 



Hom(fi„, G 



ab\ 



1 



Now if O v (resp. 0°) is the ring of integers of K v (resp. K%) then we likewise 
have the commutative diagram 



(o v cy 



{{oigy/g) 



Det 



Det 



Rom Qv (RG, (^)x)^Hom,„(A Gl (OT) 

Definition. Let JT(A(0)G) = f[„ Det(((C^G) x /G)^). 
Proposition 9. 

J?{A(0)G) C Hom Q (A G ,U(C c )) C je{k{K)G). 

Proof. The second inclusion is obvious since M'iKG) was defined as HomQ(y4 G , J(i^ c )). 
For the first inclusion notice that (see [21 Remark 6.22]) 



nom av (A G ,(0: 



Rom n (A G , (O c ) x 
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so 



Y[Det(((O c v Gy/G) n ") C nHom^(A G ,(a c ) x ) = JjHom n (A G , (O c 

V V V 

= Rom n (A G , H(O c )t) = Hom n (A G ,U(0 c )). 

V 

Definition. Let 

rag : Rom n (R G J(K c )) Hom Q (A G , J(iT c )) = J4?(A(K)G) 
be the map "restriction to ^4 G ". 

Proposition 10. The map rag induces a homomorphism 

Rag:C.( OG ) = Hom n (flc,J(ft' c )) ^ ^(A(K)G) 



□ 



Hom Q ( J R G , ir cX )Det(U(OG')) ^T(KG)^(A(0)G) ' 

Proof. We need only observe from (jSJ) that the image under rag of Y[ v Det(((9„G') >< ) 
is contained in H v Det(((O c v G) x /G) Q "). □ 

Definition. Let Rag' be the composite: 



Rag' : C\{OG) ->• 



^(irG)jr(A(C)G)9^(J(irA)) 
In 1993, I (still) believe I proved 

C ker(Rag'). (11) 

Proposition 12. Let M be a locally free OG-module and suppose the class cle> G (M) 
in G\{OG) is represented by f G Homn(_R G , J(i^ c )). Then the Steinitz class clo(M) 
in Cl(0) is represented by f(p G ) = l~l x g G f(x) x ^ ^ n (Here, G is the set of 

absolutely irreducible characters of G.) 

Proof. The group ring 0[1] of the trivial subgroup 1 < G is O and the inclusion map 
O OG induces the restriction map C\(OG) -> C1(C), where cl OG (M) ^ cl (M). 
By Theorem 12, p. 63], if / represents cle> G (M), then resf / G Homn(i2i, J(iT c )) = 
Hom(_Ri, J(-fO) (which can be identified with J{K) by g ^ g(xo), where xo is the 
trivial character of the trivial group 1.) But by th formula for res on p. 62 of [3J, we 
have 

(resf/)( X o) = /(mdfxo) = /(p G ). 
But, finally, p G = Y, xe c xO)X, so f(p G ) = U x eS f(x) x{1 \ as required. □ 



Now, suppose / G Homn(_R G , J{K C )) represents a class in R[OG). Then, by (JTT 
we have 

rag/ = gQ^(h), where 
g G JP(KG)Jtr(A(0)G) 
h G J (if A). 



But 

rag/(p G ) = f(pa) if Pg G A G 

and, in any case, 

rag/(2p G ) = /(2p G ) = f{p G f. 
Likewise, by Proposition [HI 

g G Rom n (A G ,K cX )Rom n (A G ,lJ(O c )), 
so, since p G is ^-stable, 

g(p G )eK*U(0) if PG eA G 

or 

s(p G ) 2 G K X U(G). 

Also 

eLh(p G ) = h(Qa(PG)) 

or 

%h{2p G ) = h{Qa{2p G )). 

Since Cl(O) = ^^y, it follows that f(p G ) and h(&y(p G )) (or /(2p G ) and h(&y(2p G ))) 
represent the same class in Cl(O). 

Now, recall h G J (ATA) = Hom Q (ZG K -i, J(A C )) where AA = Map n (G re -i, A c ). 

Let 5 be a set of elements s of G whose conjugacy classes {s\s G G} form a set 
of representatives of the f2-orbits of G K -i. For each s G S, let f2 5 be the f2-stabilizer 
of s, and K(a) = (A c )^. Then 

A A = Y[K(s) 

seS 

where, for each s G S, the projection 

AA = Map n (G K -i,K c ) -> A(s) 

is given by evaluation at s. Now, if s has order m, then f2 acts on s via : Q — > 
(Z/mZ) x , and the f2-stabilizer Q s of s is a subgroup of Q s , so A(s) is a subfield of 
{K c )'°' s = K(( m ), where ( m is an m-th root of 1. 

Definition. Let p : N G ((s)) -»■ (Z/mZ) x (= Aut (s)) give the action of N G ((s)) by 
conjugation on (s). 

Then clearly (s) D s — {s r \r G p(A G ((s)))}, so w G O stabilizes s if and only if 
= r for some r G p(A G ((s))). Hence we have 

= Gal(K(( m )/K(s)) K (Q) n p(iV G ((s») (13) 

and since fi/fi s = Gal(A(C m )/A) = we have 

Si/Sis = Gal(A(s)/A) = /c(fi)/K(fi) n p(A G ((s))). (14) 

Also fi/fi g is isomorphic as an fi-set to the fi-orbit fi- s of s. Recall that by Corollary 



^) = E^E* 

|s|=ro 
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Proposition 15. For h G J(KA), if p G G A G , then 

( \ 

hqg(pg)) = n n N K( S )/ K (h(s)) 



m\e 



n m — 1 
m 2 



\|s|=m 



/ 



In any case, 



M%(2p G )) = n 

m|e 



n N K{3)/K (h(s)) 



s&S 
\\s\=m 



J 



Proof. We shall prove this for p G G A G . (The general case will then also be clear.) 
Then 



n m— 1 

/ \_ m 2 



h®g(pg)) = n 



n w 



y |s|=m 



/ 



We organize the inner product into G-orbits and put 



n m*) = n n m*)- 



|t|=m 



sG5 tefJ-s 
|s|=m 



Now ■ s = {s w |w G fi/fij}, so the inner product is 

n k ® = n mo = n = ^ikKs). 

tens ujen/fis ueGaX{K{s)/K) 



(Note that s w = s K V) 
Proposition 16. If p G G A G , then 

( 



n n nk W ,k(ci(o KW )) 



e m— 1 
m 2 



. m|e s€S 



In any case 



( 



MO,G) 2 c 



\ 



n n N m/K (CL(o m ))^» 



m\e sGS 

\ \ s \= m 



J 



□ 



Corollary 16.1. If G is abelian of odd order or with noncyclic Sylow 2-subgroup, 
then 



e m— 1 
m 2 



Otherwise, 

\m\e 

Proof. If G is abelian, then for all seG, {s} = s. Then fi s = Q s , so -ft'(s) = K(C- m ), 
where \s\ = m, by (1131) . Furthermore if m\e, there is an element in G of order m. 
The result follows. □ 

Note: If G is abelian of odd order, Endo shows equality in the corollary (J2J 
Chapter II, 1.4, p. 31]). 

Definition. Let 

c(e) = gcd (p — 1). 

p\e 
p prime 

Corollary 16.2. Suppose G is abelian and K contains the e-th roots ofl. If \G\ is 

odd or 52(G) is noncyclic then 

Rt(C,G) C C1(0)^. 

If 52(G) is nontrivial cyclic, then 

Rt(0,G) C Cl(C)? c(e) (= Cl(0))e. 

Proof. If |G| is odd and 5 2 (G) is noncyclic, then by Corollary 116. 1[ 

Ri(C,G) C Cl(£>)£ gcd ™i^ (m - 1) . 

If 52(G) is cyclic nontrivial, then 

R*(0,G) 2 c a(0)- 8Cd H-^( wl - 1 ). 

Claim: gcd m | e ^(m — 1) = c(e). First note that if p r \\e, then p f ^(p r — 1), so no 
prime factor of e divides the given "gcd". Hence gcd m | e ^(m — 1) = gcd m | e (m — 1). 
Clearly gcd m | e (m — l)|c(e). Also, clearly if m\e, then c(e)\c(m). It suffices to show 
that c(m)\(m — 1). We show this by induction. (Note that c(l) = 0, also if p is prime, 
c(p) = p — 1.) Suppose the assertion true for all numbers less than m (> 1). If p\m, 

then m — 1 = p ^ — lj +p — 1, and by induction, c(m)\c (^jj \ [~ — lV Clearly 

c(m)|p — 1, so c(m)|m — 1. Hence the first assertion holds. Similarly it follows that 
if 52(G) is cyclic nontrivial, then 

Rt(C,G) 2 c Cl(0)S 8cd »*i-£ (m - 1) = Cl(C)? c(e) = Cl(£>)?. 

But since 5 2 (G) is cyclic, 2 \ f , so 2 is odd. Hence [Cl(£>) : C1(0) = ] is odd. Then, 
clearly, 

R t (0,G)CCl((9)l 

□ 
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Remark. To compare the results with Long's note that he defines 

gcd p | e £=- if e is odd 



d(e) 
Hence 



if e is even. 



c e 



Rt(0,G) 



2c?(e) if e is odd 
d(e) = 1 if e is even. 

Using this notation our Corollary 116.21 becomes 

(Cl(0)^ if |C| is odd 
Rt(0, G) C i C1(0)& if S 2 (G) is noncyclic 

I C1(0) e if Si{G) is cyclic nontrivial. 

Long [4, Chapter I, Thm 3, p. 15] obtains the following 
'Cl(0)^ (e) if |G| is odd 

Cl((9)2i if 82(G) is noncyclic and the highest elementary divisor 

occurs at least two times in S 2 (G) 
Cl(C)e if 82(G) is noncyclic and the highest elementary divisor 

occurs only once 
k Cl(C)? if S 2 (G) is nontrivial cyclic. 

Thus the upper bound of Corollary 116.21 is actually attained except in the case where 
S 2 (G) is noncyclic, but the highest elementary divisor occurs only once. This shows 
that, in general, the use of (11 ip . even in the abelian case (where equality holds) will 
not immediately give an exact answer for Y\ t (0,G). The difficulty, apparently, is 
that if he I(KA), then the coset M , (KG)^(K(0)G)Q\fh) in J^(K(KG)) may be 
disjoint from the image of Houlq(.R g , J(K c )) under the map 

rag : Hom Q (# G , J(K C )) Hom n (A G , J(K C )). 

This leads me to believe the problem has to do with Grunwald-Wang phenomena. 

One situation in which the upper bound of PropositiondHlis exact is for metacyclic 
groups. In particular if 

G = (s,t\s p = t q = l,tst~ l = s r ) (p and q odd primes), 

where r e (Z/pZ) x has order q, we have 

Corollary 16.3. Suppose K and Q(C P q) ar & linearly disjoint over Q. Let F = K(( q ) 
and L/K be the subextension of K(( p )/K of codegree q. Then 

R t (0,G) C N F/K (c\(o F )y^N L/K (c\(o L )y p -^. 

Proof. Consider i. Since (t) = N G ((t)) it follows that fi : N G ((t)) -> (Z/qZ) x is 
trivial. Also, since Q(Cj) an d K are linearly disjoint, k(Q) = (Z/gZ) x , so by (fT4T) 

n/ttt = Ga\(K(i)/K) = (Z/gZ) x , 
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so K(t) = K(( q ) = F. Since n = e = pq and m — \t\ — q, it follows that the 
corresponding factor in the statement of Proposition [16] is 

N m/K {C\{O m ))^ = N f/k (C\(O f )Y^. 

The same factor clearly arises for all elements of order q. 

Now consider s. Nc((s)) = G, and clearly fi(G) in (Z/pZ) x is generated by r 
and so has order q. Again, linear disjointness implies k(Q) = (Z/pZ) x , so fTT4|) gives 

n/n- s = Gal(K(s)/K) (Z/pZ) x /(r). 

Then Ga\(K(( p )/ K(s)) = (r), so K(s) = L, and the corresponding factor for s is 

N l/k {C\{O l )Y^. 

Again, the same holds for other elements of order p, and since there are no elements 
of order pq, the Corollary is proved. □ 

Remark. The same approach with a bit more effort gives Endo's results (0, of course 
again Endo's results are exact and Proposition [16] only gives the upper bound) for 
metacyclic groups of order qp a , where q is not necessarily prime, but p and q are 
odd. (Here s has order p a , t has order q\p — 1, not necessarily prime, but odd, and 
tst~ l = s r , where r in (Z/p a Z) x has order q.) 



A Appendix: comparison of K(s) and Ek,g,s 

In this appendix, we show that McCulloh's K(s) coincides with the extension Ek,g,s 
defined in [Tj. As a consequence, Proposition [TH] of this report will be shown to be a 
slightly weaker form of [U Theorem 2.10]. 
By definition K(s) = (K c ) n % where 

Q s = Stab^s = {u G Q : u(s) = s} = {u G Q \ Bt G G : u(s) = tsr 1 }. 

We recall that the action is defined (on s and hence on s) by w(s) = s K ^ = s K ^ 1 \ 
where k : Q — > (Z/eZ) x is the cyclotomic character and e is the exponent of G. Then 

£ : w(s) = s} = Stab^s = {uj G VL : k(w _1 ) = 1 (mod o(s))} 
= {u G : w(Co(«)) = Co(s)}- 

Therefore 

#(5) c (K c ) stab ^ = K(C o(s) ). 

Further 

Gal(tf (&(»))/#(«)) = G&l(K c /K(s))/Gal(K c /K(C o(s) )) = Stab n s/Stab n s 
= Stab Q s|^ (Co(s)) . 

On the other hand, by definition, Ek,g,s/K is the subextension of K(( ^)/K fixed 
by the subgroup Vk\(ii s (Ng(s))) of Ga\(K(£ ( s )) / K). Here Ng(s) is the normalizer 
of s in G, ii : N G {s) (Z/o(s)Z) x is defined by is* -1 = for i G N G {s) and 
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vk, s '■ Gal(K(( ^) / K) (Z/o(s)Z) x is the cyclotomic character (note that here — 1 
denotes a counterimage and not a multiplicative inverse as for k^ 1 ). In particular 

Gal(X(C o(s) )/^ )GjS ) = ^MN G (s))). 

Now 

Stab n s|* (Co(s)) = {ue Gal(K(( o(s) )/K) \3te N G {s) : = tsr 1 = 

= e Gal(iT(Co W )/^) \ 3te N G (s) : ^..(w- 1 ) = fji.(t)} 
= {luE Gal(K(( o(s) )/K) \3te N G (s) : ^.(w) = ^(r 1 )} 
= {u e Gal(K(( o(s) )/K) \3te N G (s) : = ^(t)} 

= ^sMN G (s))). 

Hence 

= ^K,G,s- 

It is now clear that, in the case of groups of odd order or with non-cyclic 2-Sylow 
subgroup, Proposition [16] of this report is equivalent to the inclusion of [lj Theorem 
2.10], namely 

R t (K,G)CW(K,G), 

where 

w(k,g) = n H/(fc,^ GiT )^^r = n n w(k,E ktG ^^ c 

and 

W(*,£*, G)T ) = iV BfeGiT/fe Cl(£ fejG , T ). 
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